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1. Introduction

Evaluation of the elastic modulus by instrumented indentation
involves complex stress–strain fields, requiring algorithms which
consider several factors in addition to force and displacement, such
as instrument compliance and the effects of material sink-in or pile-
up [1]. Ranking the main factors in terms of their contributions to
uncertainty may be achieved by a systematic analysis, according to
established guidelines [2]. In the case at hand, a preliminary
investigation identified contact stiffness S, the slope of the tangent
line at the start of the unloading phase (see Fig. 1), as an important
factor contributing to uncertainty in the nano hardness range.

Evaluation of such a factor is awkward, as significant differen
are often observed between results obtained according to 

mathematical models covered by ISO 14577 [3]. The first, a lin
model [4], fits the experimental data to a first approximation o
yielding substantially biased estimates. A closer fit is provided
the second, a power law model [5], whose weak point conce
inclusion of the residual indentation depth hp at zero load. 

corresponding experimental point is ill-defined, being affected
typical zero level scatter, and identified by the intersection of 

lines forming a very small angle; furthermore, because of 

relatively large distance from the region where the slope is to
estimated, small changes in hp can result in large changes in 

No model appears to outperform the other, as the linear mo
although biased towards lower values of S, leads to results usu
more repeatable than the power law model. Bias may be 

objectionable than scatter, since, owing to a complex displacem
pattern (see Fig. 2), material properties estimated from hardn
measurements are related, but not necessarily equal to th
obtained by conventional methods, for example tensile tests.

A critical aspect concerns the portion of experimental data u
for estimation of the slope at the beginning of the unloading cu
With the first model, the smaller the range the lower the deviati
from the linear form, however also, the larger the uncertaint
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A B S T R A C T

Evaluation of indentation modulus by instrumented indentation in the nano-range can use one of 

methods for contact stiffness evaluation, according to current ISO standards. The relevance of con
stiffness, suggested by a preliminary uncertainty analysis, prompted development of improved evalua
procedures. Data on a series of indentation tests, performed in an international comparison on tung
and fused silica with forces in the millinewton range, were analysed with standard methods, and 

alternative ones. Uncertainty evaluation revealed some shortcomings in the standard meth
concerning the estimation of contact stiffness and indentation modulus; some definite advant
are shown with improved procedures.
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Fig. 1. Experimental indentation curve of force F vs. displacement h, with a detail of
the zone near complete unloading, pertaining to a test on tungsten with a Berkovich
indenter at 10 mN maximum force.

* Corresponding author.
E-mail address: raffaello.levi@polito.it (R. Levi).

http://dx.doi.org/10.1016/j.cirp.2017.04.060
0007-8506/© 2017 CIRP. Published by Elsevier Ltd. All rights reserved.
the estimated slope. While an optimum value of the portion u
may be defined according to, for example, a procedure descri
elsewhere [6], in the case at hand, ranges specified by 

14577 were adhered to for reference purposes.
In light of these shortcomings, two further models w

examined, with an initial linear trend morphing into a curved p
[7,8]. The use of these methods in the analysis of experimental d
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ined from tests on reference materials (tungsten and fused
a) [9] showed potential improvements in terms of the
istency of the results.

ethods for contact stiffness evaluation

Standard methods

SO 14577 covers two methods for evaluating the contact
ness S ¼ @F=@hð Þ jhmax

�
he linear extrapolation method (LE) assumes the first portion
e unloading curve is linear [4]. The model is identified by

ar regression, with the slope equal to the contact stiffness S.
he power law method (PL) describes the bulk of the unloading
e as

B � h � hp
� �m ð1Þ

re the terms B and m are estimated by least squares fitting to
experimental data within an interval usually between 98% and
 of Fmax. The range may be modified according to the ‘quality’ of
unloading curve, down to 50% of Fmax. The slope at hmax is
B � m � hmax � hp

� � m�1.
SO 14577 uses hp, corresponding to the residual indentation
h at full unloading, as a fixed point. In the original paper
ribing PL [10], hp is considered a parameter of a nonlinear
ession, somehow mitigating the disturbing effects of a fixed
t, with a high uncertainty and a location far from the region of
rest. Empirical extrapolation of the unloading curve is used to
ate hp, since otherwise convergence of the algorithms may

be taken for granted, owing to the scatter near complete
ading, shown for example, in the inset of Fig. 1.

Alternative methods

wo mathematical models addressing some of the short-
ings of the aforementioned methods were considered, with a
ly linear initial trend followed by a path with increasing
ature, the first sinusoidal (SN), and the second logarithmic

 [7,8]. Taking an 80% range of the unloading curve, both models
xperimental data reasonably well. Resorting to an appropriate
rence system and scaling the h and F coordinates, with X ¼
hmax � h Þ and Y ¼ ky � Fmax � Fð Þ, the first model can be written

F � sin kx � hmax � hð Þ½ � ð2Þ

3. Analysis of indentation unloading curves

3.1. Experimental data

A comprehensive set of data was analysed, drawn from tests
performed at Oklahoma State University within the framework of a
CIRP sponsored international comparison on nanoindentation.
Two reference materials were considered, tungsten and fused
silica, with adequate sample homogeneity being confirmed by long
industrial experience [9]. Experiments performed with a Berkovich
indenter at four maximum force levels ranging between 0.5 mN
and 10 mN were considered, indentation depths being typically
within the nano-range.

3.2. Contact stiffness evaluation

In the linear extrapolation (LE), sine (SN) and logarithmic (LN)
cases, contact stiffness S is a parameter of the regression of F on h,
and evaluation of the corresponding uncertainty is straightfor-
ward. In the power law (PL) case, given the model in Eq. (1), the law
of propagation of uncertainty [2] is exploited. The methods were
compared by considering uncertainty intervals at 95% confidence
level of the measured contact stiffness Sm for the case of a
maximum force of 10 mN for both fused silica and tungsten. PL was
considered with ranges of about 50%, 65% and 80% of the unloading
curve (see Fig. 3).

For the case of a maximum force of 10 mN, for both fused silica
and tungsten, LE and SN values are rather close, while LN and PL
values tend to exceed the former two. Uncertainty intervals
pertaining to PL tend to exceed the others, more so for tungsten.
Similar considerations hold for the other conditions of maximum
force. In order to compare the methods, the regression residuals
pattern should also be considered. An indentation curve for
tungsten with a maximum force of 10 mN was taken as
representative. Fig. 4 shows that residuals pertaining to LE have
a marginal curvature (confirming that the method identifies a

Fig. 3. Uncertainty intervals (95% confidence level) of the measured contact stiffness
Sm according to four methods at 10 mN for fused silica (a) and tungsten (b). PL was
considered with a range of about 50%, 65% and 80% of the unloading curve.

2. Schematic cross section of an indentation, showing a typical computed
al displacement pattern.
Fig. 4. Residuals plots pertaining to LE (a), PL with a range of about 80% (b), SN (c)
and LN (d) at 10 mN indentation force for the case of tungsten.
max ky

the second as

Fmax � ln kx � hmax � hð Þ þ 1½ �
ky

ð3Þ

n either case the fitting parameters kx and ky are identified by
linear regression, enabling estimation and uncertainty evalua-

 of S = kx/ky. Which model fits experimental data best depends
nly upon the elasto-plastic properties of the material.
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secant line). The PL method exhibits a marked curvature (due to
forcing the regression line to pass through the point hp), while
residuals appear random for both SN and LN.

4. Uncertainty evaluation of indentation modulus

Process measurement analysis in light of expected uncertainty
can be performed according to GUM [2], in terms of a
comprehensive mathematical model covering the steps described
in ISO 14577 [3]. The main factors involved in the evaluation of the
indentation modulus EIT include Poisson ratios ns and ni of the
material and diamond indenter respectively, as well as Young’s
modulus Ei of diamond, contact stiffness S and projected contact
area of the indenter Ap, i.e.,

EIT ¼ 1 � y2
s

� � � 2 � ffiffiffiffiffiffi
Ap

p
S � ffiffiffiffi

p
p � 1 � y2

i

Ei

  !�1

ð4Þ

Nominal values and related uncertainties of ns, ni and Ei may be
obtained from the literature, while S and Ap depend on the force F
and corresponding displacement h of the indenter into the tested
material, evaluated close to the maximum indentation depth
hmax. The measured values of indentation depth hm, however, may
have a zero offset h0 (assuming a range of ten times its
measurement resolution) and include a component due to the
frame compliance Cf (constant to a first approximation), to be
deducted in order to get an unbiased estimate of h, namely
h = hm � h0 � Cf�F. For the nanoindenter used, the compliance was
Cf = 0.4 nm/mN with an expanded uncertainty of about 0.2 nm/mN.

Random errors affecting hm, covering reproducibility, may be
estimated in terms of scatter under the maximum applied force.
Drift was accounted for by assuming a linear trend and applying
regression accordingly, thus obtaining an expanded uncertainty of
about 0.3 nm. Force was dealt with correspondingly, obtaining an
expanded uncertainty of about 50 nN. The resolutions of the
displacement and force sensors correspond to negligible contri-
butions to the uncertainty of indentation modulus.

Since comparison of the performances of different methods of
the evaluation of S is the aim, and the results are obtained from the
same instrument, evaluation of systematic errors has a minor role
in the case at hand.

The uncertainties of hm and F are propagated over S and
Ap. Taking for expediency, the reciprocal value of contact stiffness S,
we can write:

1
S
¼ @h

@F

� �
jhmax

¼ @hm
@F

� �
jhmax

� Cf ¼
1
Sm

� Cf ð5Þ

The uncertainty of S is linked to the experimental data through
the uncertainties U(1/Sm), and U(Cf), however both the value and

variability of Sm depend on the model adopted to describe 

unloading phase. Uncertainty is conveniently assessed also
terms of measurement replication, thus taking into account 

relevant random errors.
The evaluation of the uncertainty contribution pertaining to

contact area Ap is affected by the departure from the nom
geometry of the actual indenter. Therefore for micro and n
hardness measurements the area function Ap(hg) is used, wh
gives the projected area as a function of geometrical distanc
from the vertex [10]. For the case at hand, the indenter calibra
yielded an area function approximated as

Ap ¼ a2 � h2
g þ a1 � hg þ a0

where the coefficients with corresponding expanded uncertain
are a0 = (�4.6 � 2.6) � 103 nm2, a1 = (1.22 � 0.08) � 103 nm 

a2 = 20.4 � 0.4.
In order to estimate the projected area during indentat

depth hg in Eq. (6) is substituted by hc, the depth of the indenta
where contact between indenter and material actually occ
differing from h whenever sink-in or pile-up take place. When
depth of the contact zone is affected by sink-in a correction term
required [3], i.e.,

hc;max ¼ hmax � e � Fmax

S
¼ hm;max � h0 � Cf þ e � 1

Sm
� Cf

� �� �
� F

with e = 0.75 for pyramid shaped indenters. For uncerta
evaluation an extrinsic function of h, F, e (considered as exa
Cf and Sm should be substituted into Ap, namely:

Ap;max ¼ a2 � hm;max � h0 � Cf þ e � 1
Sm

� Cf

� �� �
� Fmax

	 
2

þa1 � hm;max � h0 � Cf þ e � 1
Sm

� Cf

� �� �
� Fmax

	 

þ a0

which in turn is substituted into Eq. (4) to get the extri
mathematical model for the uncertainty evaluation of 

indentation modulus EIT. An example of an uncertainty bud
[2] of EIT for the case of the estimation of S with PL is show
Table 1. The main contribution is due to the measured con
stiffness Sm followed by frame compliance Cf, other terms be
much smaller.

A typical set of estimates of the indentation modulus
tungsten with relevant uncertainty intervals is shown in Fig
depicting the effect of different methods for estimation of S. W
LE and SN appear fully compatible, some systematic differen
may be observed. Uncertainty for PL exceeds other values.

Table 1
Uncertainty table (according to GUM [2]) of the indentation modulus EIT of tungsten with a maximum force of 5 mN, for an estimation of contact stiffness S with PL w
range of 50%.

Variable xj Type A Type B u2(xj) cj uj
2(EIT) Rank

Symbol Value Uj aj

ns 2.89E � 01 1.0E � 03 3.3E � 07 �1.8E + 05 1.1E + 04 8
ni 7.00E � 02 2.0E � 02 1.3E � 04 0.0E + 00 0.0E + 00 11
Ei 1.14E + 06 2.0E + 04 1.3E + 08 6.6E � 13 5.7E � 17 10
e 7.50E � 01 0.0E + 00 3.6E + 04 0.0E + 00 11
Cf 4.00E � 04 2.4E � 04 1.4E � 08 7.5E + 07 7.9E + 07 2

h0 0.00E + 00 5.0E � 07 8.3E � 14 1.8E + 09 2.8E + 05 5
a2 2.04E + 01 4.1E � 01 4.3E � 02 �4.9E + 03 1.0E + 06 4
a1 1.22E � 03 8.1E � 05 1.6E � 09 �3.7E + 07 2.2E + 06 3
a0 �4.65E � 09 2.6E � 09 1.8E � 18 �2.8E + 11 1.4E + 05 6
hm,max 1.49E � 04 3.0E � 07 2.3E � 14 �1.8E + 09 7.8E + 04 7
Fmax 4.96E � 03 5.0E � 08 6.4E � 16 6.2E + 06 2.5E � 02 9
Sm 2.29E + 02 7.7E + 00 1.5E + 02 1.2E + 03 2.3E + 08 1

EIT 2.87E + 05 N/mm2 Variance, u2(EIT) 3.2E + 08
Standard uncertainty, u(EIT) 1.8E + 04
Confidence level 95%
Expanded uncertainty, U(EIT) 3.5E + 04 N/mm2

Relative expanded uncertainty 12%
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iscussion

ifferences in measured contact stiffness Sm significantly
ence the corresponding values of EIT. In order to understand
ther changes in Sm are significant, or masked by the effects of
r factors, uncertainty contributions of the main factors are to
ken into account, in light of the type of application considered.
chnical and scientific work, comparative tests are frequently
ormed on a given instrument and with a given indenter, for
ple, when assessing the effects of different technological

tments on materials. The reproducibility of the method is what
portant in such a case, therefore the effects of Cf (which varies
different instruments), and of Ap (which varies for different
nters), may be almost negligible. Assuming that these effects
ot exceed 20% of the uncertainties found by calibration, the
tive contributions of the three main factors are shown in
6. When reproducibility is the important metrological
acteristic, the effect of Sm appears to be the largest contributor
pt for the case of a maximum force of 10 mN, where the effect
f is seen to prevail for the LE, SN and LN methods.

n the other hand, when comparison among tests performed
 different instruments and/or different indenters is consid-
, the effect of calibration uncertainty on Cf is a major one, and

6. Conclusions

In light of the analysis of a comprehensive set of experimental
data for nanoindentation tests, which were performed on tungsten
and fused silica, some observations can be made. Methods
currently covered by ISO 14577 for contact stiffness evaluation
were found to exhibit some intrinsic shortcomings, in terms of, for
example, bias owing to the disregard of the curvature of the
unloading curve for the linear extrapolation method, and the
residuals patterns showing unaccounted systematic effects which
result from forcing an ill-defined point into the regression equation
for the power law method. The alternative methods proposed
show better agreement with experimental data, and lower scatter
of estimates. A comprehensive mathematical model was devel-
oped in order to perform a systematic analysis of factors
contributing to the uncertainty of indentation modulus estimation
using GUM guidelines, enabling quantitative evaluation of the
main contributions such as contact stiffness, frame compliance and
indenter area function. Ranking of such contributions was made
considering two different measurement tasks, one covering
comparative tests performed on a given instrument with a given
indenter, and another concerning, for example, round robin tests
involving several different instruments and indenters. Contact
stiffness was found to be a predominant factor in the first case,
while for the second case, particularly at higher forces, frame
compliance ranked among the main contributors.
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